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ON MIXED BRIESKORN VARIETY
MUTSUO OKA
Dedicated to Professor A. Libgober for his 60th birthday
Abstract. Let f
a,b
(z, z¯) = za1+b11 z¯
b1
1 + · · · + z
an+bn
n z¯
bn
n be a polar
weighted homogeneous mixed polynomial with aj > 0, bj ≥ 0, j =
1, . . . , n and let fa(z) = z
a1
1 + · · ·+ z
an
n be the associated weighted ho-
mogeneous polynomial. Consider the corresponding link variety K
a,b
=
f−1
a,b
(0) ∩ S2n−1 and Ka = f
−1
a (0) ∩ S
2n−1. Ruas-Seade-Verjovsky [4]
proved that the Milnor fibrations of f
a,b
and fa are topologically equiv-
alent and the mixed link K
a,b
is homeomorphic to the complex link Ka.
We will prove that they are C∞ equivalent and two links are diffeomor-
phic. We show the same assertion for f(z, z¯) = za1+b11 z¯
b1
1 z2 + · · · +
z
a
n−1+bn−1
n−1 z¯
b
n−1
n−1 zn + z
an+bn
n z¯
bn
n and its associated polynomial g(z) =
z
a1
1 z2 + · · ·+ z
a
n−1
n−1 zn + z
an
n .
1. Introduction
We consider the mixed polar weighted homogeneous polynomial fa,b(z, z¯)
and its associated polynomial fa(z):
fa,b(z, z¯) = z
a1+b1
1 z¯
b1
1 + · · · + z
an+bn
n z¯
bn
n , fa(z) = z
a1
1 + · · ·+ z
an
n
with aj > 0, bj ≥ 0, j = 1, . . . , n and a = (a1, . . . , an) and b = (b1, . . . , bn)
and we consider the mixed Brieskorn variety
Va,b := {z ∈ C
n | fa,b(z, z¯) = 0}, Va = {z ∈ C
n | fa(z) = 0}.
Put Ka,b,r = Va,b ∩ S
2n−1
r and Ka,r = Va ∩ S
2n−1
r . Note that fa,b and
fa have the same polar weights P =
t(p1, . . . , pn). Let d = lcm(a1, . . . , an).
Then pj = d/aj for j = 1, . . . , n. Let us denote the associated C
∗ action by
t ◦ z := (z1t
p1 , . . . , znt
pn) for t ∈ C∗. Then we have
fa,b(ρ ◦ z, ρ ◦ z) = ρ
d fa,b(z, z¯), ρ ∈ S
1 ⊂ C∗
fa(t ◦ z) = t
d fa(z), t ∈ C
∗.
Note that fa,b is also a radially weighted homogeneous polynomial and
it defines a local and a global Milnor fibrations which are homotopically
equivalent ([1, 2]).
2000 Mathematics Subject Classification. 14J17, 32S25, 58K05.
Key words and phrases. Mixed weighted homogeneous, Polar action, Milnor fibration.
1
2 M. OKA
The Milnor fibration of fa,b:
f/|f | : S2n−1r \ {Ka,b,r} → S
1
does not depend on the radius r and it is topologically equivalent to that of
the complex polynomial fa(z) = z
a1
1 + · · ·+ z
an
n ([4, 1]):
f : Cn \ Va,b → C
∗.
Thus hereafter we put Ka,b = Ka,b,1 and Ka = Ka,r. Consider the
homeomorphism: η : Cn → Cn defined by η(z) = (w1, . . . , wn) with wj =
zj|zj |
2bj/aj , j = 1, . . . , n. Note that η preserves the values of fa,b and fa
and η is S1-action equivariant. That is,
η(ρ ◦ z) = ρ ◦ η(z), fa(η(a)) = fa,b(z).
Then η gives a homeomorphism of the two fibrations fa,b : C
n \Va,b → C
∗
and fa : C
n \ Va → C
∗ and a homeomorphism of the two hypersurfaces
Va,b, Va. Thus the following diagrams are commutative.
Va,b ⊂ C
n ⊃ Cn \ Va,b
fa,b
−→ C∗yη yη yη yid
Va ⊂ C
n ⊃ Cn \ Va
fa−→ C∗
The homeomorphism ϕ : (S2n−1,Ka,b)→ (S
2n−1,Ka) is given with a little
modification of η by
ϕ :S2n−1 → S2n−1, ϕ(z) = ψ(η(z))
where ψ is the “normalization” mapping which is defined by w 7→ r(w) ◦w
where a positive real number r(w) is defined by the equality: ‖r(w)◦w‖ = 1.
It is easy to see that ϕ gives also a topological equivalence of the Milnor
fibrations:
S2n−1 \Ka,b
fa,b/|fa,b|
−→ S1yϕ yid
S2n−1 \Ka
fa/|fa|−→ S1
Unfortunately we observe that neither η nor ϕ are differentiable on the
coordinate planes zj = 0.
The purpose of this note is to show that ϕ (and η also) can be replaced by
a diffeomorphism ϕ′ which is isotopic to the identity map of the sphere S2n−1
(Theorem 4). In §3, we prove the similar assertion for the polar weighted
homogeneous polynomial
f(z, z¯) = za1+b11 z¯
b1
1 z2 + · · · + z
an−1+bn−1
n−1 z¯
bn−1
n−1 zn + z
an+bn
n z¯
bn
n
and its associated polynomial g(z) = za11 z2 + · · · + z
an−1
n−1 zn + z
an
n (Main-
Theorem-bis 13).
Throughout this paper, we use the same notations as in [1, 2].
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2. Canonical family and the construction of an isotopy
We consider the following mixed Brieskorn polynomial and its associated
weighted homogeneous polynomial in the sense of [1]:
fa,b(z, z¯) = z
a1+b1
1 z¯
b1
1 + · · · + z
an+bn
n z¯
bn
n , fa(z) = z
a1
1 + · · ·+ z
an
n
First we consider the linear family which connect two polynomials:
ft(z, z¯) := (1− t)fa,b(z, z¯) + tfa(z)
= (1− t)(za1+b11 z¯
b1
1 + · · ·+ z
an+bn
n z¯
bn
n ) + t(z
a1
1 + · · · + z
an
n )
=
n∑
j=1
z
aj
j
(
t+ (1− t)|zj |
2bj
)
for 0 ≤ t ≤ 1 and put Vt = f
−1
t (0). First we observe that f0 = fa,b and
f1 = fa and ft, 0 ≤ t ≤ 1 is a family of mixed polynomials which are polar
weighted by the same weight P = t(p1, . . . , pn) where pj = lcm(a1, . . . , an)/aj,
j = 1, . . . , n, though ft is not radially weighted homogeneous for t 6= 0, 1.
Recall that the polar action is given as
(λ, z) ∈ S1 × C∗n, (λ, z) 7→ (z1λ
p1 , . . . , znλ
pn) ∈ C∗n.
(In [1, 2], we have assumed a polar weighted homogeneous polynomial is
also radially weighted homogeneous. In this paper, we do not assume the
radial weighted homogeneity.) The first key assertion is:
Lemma 1. The mixed polynomial ft(z, z¯) : C
n → C has a unique singularity
at the origin and Vt \ {O} and f
−1
t (η) is mixed non-singular for any t, 0 ≤
t ≤ 1 and η 6= 0.
Proof. Assume that w ∈ Cn \ {O} is a mixed-singular point of fτ for some
0 ≤ τ ≤ 1. As V0, V1 are mixed non-singular outside of the origin ([1]), we
may assume that 0 < τ < 1. We will show that this gives a contradiction.
By Proposition 1 of [1], there exists a complex number λ with |λ| = 1 so
that
dfτ (w, w¯) = λ d¯fτ (w, w¯)
where
dfτ = (
∂fτ
∂z1
, . . . ,
∂fτ
∂zn
), d¯fτ = (
∂fτ
∂z¯1
, . . . ,
∂fτ
∂z¯n
).
This implies that
(aj + bj)w¯
aj+bj−1
j w
bj
j (1− τ) + ajw¯
aj−1
j τ = bj w
aj+bj
j w¯
bj−1
j (1− τ)λ,
for j = 1, . . . , n. Multiplying w¯j , we get the equality:
w¯
aj
j
{
(aj + bj)|wj |
2bj (1− τ) + ajτ
}
= w
aj
j |wj |
2bjbjλ (1− τ).(1)
Denote the left side and the right side of (1) by L(1) and R(1) respectively.
Then we have the inequality:
|L(1)| ≥ |wj |
aj+2bj (aj + bj)(1 − τ) ≥ |wj |
aj+2bjbj(1− τ) = |R(1)|.
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where the equality hold if and only if wj = 0. As L(1) = R(1) and τ 6= 1,
we must have wj = 0 for j = 1, . . . , n. That is, w = O. This give a
contradiction to the assumption w 6= O. 
The second key observation is:
Lemma 2. For any t, 0 ≤ t ≤ 1 and for any r > 0, the sphere S2n−1r
intersects Vt transversely.
Proof. As ft is not radially weighted homogeneous, the assertion is not ob-
vious. Assume that the intersection is not transverse at w ∈ Vτ ∩ S
2n−1
r
with r = ‖w‖. As V0, V1 are radially weighted homogeneous and any sphere
S2n−1r is transverse to them, we have that 0 < τ < 1. As we have seen in
the above Lemma 1 that Vτ is mixed non-singular, the tangent space has
the real codimension two. Let ft = gt + iht where gt and ht be the real
and the imiginary part of ft, considering gt, ht as functions of 2n variables
x1, y1, . . . , xn, yn with zj = xj + iyj . The the tangent vectors are those
vectors which are transverse (in the real Eucledean space R2n) to the real
gradient vectors grad gτ (w) and grad hτ (w) atw. Non-transversality implies
that three vectors w, grad gτ (w), grad hτ (w) are linearly dependent over R
at w. As the latter two vectors are linearly independent, the tangent space
TwVτ is a subspace of the tangent space TwS
2n−1
r . We will show that this
is impossible by showing the existence of a tangent vector u ∈ TwVt which
is not tangent to the sphere S2n−1r . We use the following simple assertion.
Proposition 3. Let aj > 0, bj ≥ 0 be fixed integers and let τ be a positive
real number with 1 > τ > 0. For any fixed z ∈ C∗ and 0 ≤ τ ≤ 1, the
function
ψj(s, z) := |z|
ajsaj
(
τ + (1− τ)|z|2bjs2bj
)
is a strictly monotone increasing function of s on the half line R+ = {s | s >
0} and j = 1, . . . , n.
Proof. The proof is an easy calculus of the differential
dψj
ds . In fact, the
assertion follows from the strict positivity
dψj
ds (s, z) > 0. 
Now we continue the proof of Lemma 2. Put I = {j |wj 6= 0}. We may
assume that I = {1, . . . , n} and w ∈ Vτ ∩C
∗n for simplicity. (Otherwise, we
work in C∗I .) We use Proposition 3 and the inverse function theorem to the
function:
r : R+ → R+, s 7→ r(s) =
ψj(s,wj)
|wj |aj (τ + (1− τ)|wj |2bj )
, r(1) = 1
to find real-valued real analytic functions ϕj(r, wj) of the variable r > 0
such that ϕj(1, wj) = 1 and
ψj(ϕj(r, wj), wj) = r |wj |
aj (τ + (1− τ)|wj |
2bj ), j = 1, . . . , r.
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This is equivalent to
ϕ(r, wj)
aj (τ + (1− τ)|wj |
2bjϕ(r, wj)
2bj )(2)
= r |wj |
aj (τ + (1− τ)|wj |
2bj ).
By the monotone increasing property of the function ψj(s,wj), ϕj(r, wj) is
also monotone increasing function of r on the half line 0 < r <∞. Now we
consider the real analytic path ξ(r) which is defined on 0 < r <∞ by
ξ(r) = (η1(r, wj), . . . , ηn(r, wj)), where ηj(r, wj) = ϕj(r, wj)wj , j = 1, . . . , n.
As we have
arg ηj(r, wj)
aj (τ + (1− τ)|ηj(r)|
2bj ) = arg w
aj
j ,
it is easy to observe that
fτ (ξ(r), ξ¯(r)) =
n∑
j=1
ηj(r)
aj (τ + (1− τ)|ηj(r)|
2bj )
(2)
=
n∑
j=1
r w
aj
j (τ + (1− τ |wj |
2bj ))
= r fτ (w, w¯) ≡ 0.
Thus r 7→ ξ(r), 0 ≤ r ≤ ∞ is a curve in Vτ . Put u =
dξ(r)
dr (1) ∈ TwVτ and
let ρ(z) =
∑n
j=1 |zj |
2. Note that
u = dξ(r)dr (1) =
dϕj(r,wj)
dr |r=1 wj 6= 0.
Now we have
dρ(ξ(r))
dr
|r=1 =
d(
∑n
j=1 η(r, wj)
2)
dr
|r=1
= 2
n∑
j=1
dϕj(r, wj)
dr
|r=1 ϕ(r, wj) |wj |
2 > 0
This implies that u is not tangent to the sphere S2n−1r . 
Fix a positive number r. Choose a positive number η0 > 0 so that the
fibers f−1t (η) and the sphere S
2n−1
r intersect transversely for any η, |η| ≤ η0.
Let
∂E(η0, r) := {(z, t) ∈ C
n × I | |ft(z)| = η0, ‖z‖ ≤ r}
∂Et(η0, r) := {z ∈ C
n | |ft(z)| = η0, ‖z‖ ≤ r}.
Note that ft : ∂Et(η0, r)→ S
1
η0 is equivalent to the Milnor fibration of ft by
the second description (see [2]). Using the Ehresmann’s fibration theorem
[5] to the projection:
π : S2n−1r × I → I, π
′ : ∂E(η0, r)→ I,
we obtain:
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Main Theorem 4. (Isotopy Theorem)
(1) There exists an isotopy ht : S
2n−1
r → S
2n−1
r such that h0 = id and
ft(ht(z)) = f0(z) for any z ∈ S
2n−1
r with |f0(z)| ≤ η0 and ht(K0) =
Kt for each t, 0 ≤ t ≤ 1 where Kt = Vt ∩ S
2n−1
r .
(2) The Milnor fibrations of fa,b and fa by the second description
f0 : ∂E0(η0, r)→ S
1
η0 , ft : ∂Et(η0, r)→ S
1
η0
are C∞ equivalent.
Remark 5. As the first and the second description of Milnor fibrations are
equivalent ([2]), the Milnor fibrations of fa,b and fa are C
∞ equivalent.
Applying the above method to construct norm preserving diffeomorphisms
ht : C
n \ {O} → Cn \ {O}: ‖ht(z)‖ = ‖z‖, and ht(Va,b) ⊂ Vt, we obtain:
Corollary 6. The pair (Cn, Vt) is homeomorphic to the pair (C
n, Va,b).
This homeomorphism can be diffeomorphic outside of the origin.
2.1. Mixed polar homogeneous projective hypersurfaces. Let us con-
sider mixed homogeneous hypersurfaces case. Namely a := a1 = · · · = an.
Thus fa,b = z
a+b1
1 z¯
b1
1 + · · · z
a+bn
n z¯
bn
n . The hypersurface Vt := {ft(z, z¯) = 0}
does not have C∗-action, as the polynomial ft is not radially homogeneous.
However ft is polar homogeneous. Thus Vt has the canonical S
1-action,
defined by λ ◦ z = (λz1, . . . , λzn) for λ ∈ S
1 ⊂ C∗. Thus putting Kt =
Vt ∩ S
2n−1, the following diagram makes a good sense
S2n−1 ⊃ Ktyπ yπ
P
n−1 ⊃ Ht
where Ht is the quotient space Kt/S
1. Using this family, we have the fol-
lowing result.
Corollary 7. The projective hypersurfaces Ha,b = {[z] ∈ P
n−1 | fa,b(z, z¯) =
0} and Ha = {[z] ∈ P
n−1 | fa(z) = 0} are ambient isotopic. That is, there
exists an isotopy h¯t : P
n−1 → Pn−1 such that h¯1(Ha,b) = Ha.
3. Other polar weighted homogeneous polynomials
In this section, we will generalize the previous results for simplicial polar
weighted homogeneous polynomials which have isolated singularities at the
origin and whose associated Laurent polynomials are simplicial weighted
homogeneous polynomials listed in [3].
3.1. Coefficients can be 1. A mixed polynomial f(z, z¯) =
∑m
i=1 ci z
νi z¯µi
(c1, . . . , cn 6= 0) is called simplicial ifm = n and the matrices N±M are non-
degenerate. Here the multi-integers are considered as column vectors and
the matrices M,N are defined as N = (ν1, . . . , νn) and M = (µ1, . . . , µn).
First we prove the following simple lemma.
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Lemma 8. Put f˜(w, w¯) =
∑n
i=1w
νiw¯µi . Then there is a scaling linear
mapping ϕ : Cn → Cn defined by z 7→ (w1, . . . , wn) = (z1α1, . . . , znαn) such
that f˜(ϕ(z)) = f(z).
Proof. Write cj = exp(aj + ibj) and αj = exp(γj+ iεj) with aj, bj , γj , εj ∈ R
and j = 1, . . . , n. Then we consider the equality cjz
νj z¯µj = wνjw¯µj with
w = ϕ(z), wj = αj zj which reduces to:
α
νj1
1 · · ·α
νjn
n α¯
µj1
1 · · · α¯
µjn
n = cj , j = 1, . . . , n.(3)
The equality (3) can be split in to the argument part and the absolute value
part as follows.
(ε1, . . . , εn)(N −M) = (b1, . . . , bn)
(γ1, . . . , γn)(N +M) = (a1, . . . , an)
By the assumption, det(N ± M) 6= 0 and the scaling complex numbers
α1, . . . , αn are uniquely determined. 
3.2. Other simplicial polar weighted polynomials and the general-
ization of the isotopy theorem. We consider the following two simplicial
polynomials with coefficient 1 where g1(z), g2(z) are polynomials listed in
[3].
I :
{
fI(z, z¯) = z
a1+b1
1 z¯
b1
1 z2 + · · ·+ z
an−1+bn−1
n−1 z¯
bn−1
n−1 zn + z
an+bn
n z¯
bn
n
gI(z) = z
a1
1 z2 + · · ·+ z
an−1
n−1 zn + z
an
n
II :
{
fII(z, z¯) = z
a1+b1
1 z¯
b1
1 z2 + · · ·+ z
an−1+bn−1
n−1 z¯
bn−1
n−1 zn + z
an+bn
n z¯
bn
n z1
gII(z) = z
a1
1 z2 + · · ·+ z
an−1
n−1 zn + z
an
n z1
where aj ≥ 1 and bj ≥ 0 for each j = 1, . . . , n.
Note that an arbitrary simplicial weighted homogeneous polynomial g(z)
with an isolated singularity at the origin is written as joins of several simpli-
cial weighted homogeneous polynomials of either a Brieskorn type, or gI or
gII . To show the isotopy theorem for an arbitrary simplicial polar weighted
homogeneous polynomial, it is enough to show the assertion for these three
class of weighted homogeneous polynomials. In the following section, we
present the proofs of the similar assertion except for the transversality the-
orem for fII which is still open. See Problem-Conjecture 3.2 below.
Consider the family of mixed hypersurfaces Vι,t = f
−1
ι,t (0) ⊂ C
n where
ι = I, II and fι,t(z, z¯) := (1 − t)fι(z, z¯) + t gι(z) for 0 ≤ t ≤ 1. We
investigate the similar assertions as in §2. First we have:
Lemma 9. The mixed polynomial function fι,t(z, z¯) : C
n → C has a unique
mixed singularity at the origin for any t, 0 ≤ t ≤ 1 and ι = I, II.
Proof. The assertion is true for t = 0, 1. Thus we assume that 0 < t < 1.
Assume that w ∈ Cn \ {O} is a mixed singular point of the function fι,t.
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Then we have by Proposition 1 of [1],
dfι,t(w, w¯) = λ d¯ fι,t(w, w¯), ∃λ, |λ| = 1.(4)
Case 1. ι = I. First assume that wn 6= 0. Let s = min{j |wk 6= 0, k ≥ j}.
Then by (4), we have
∂fι,t
∂zs
(w) = λ
∂fι,t
∂z¯s
(w).
This gives the equality:
w¯ann {(1− t)(an + bn)|wn|
2bn + an t} = λ bnw
an
n |wn|
2bn(1− t), if s = n
and if s < n, it gives:
w¯ass w¯s+1{(1− t)(as + bs)|ws|
2bs + as t} = λ bsws
asws+1|ws|
2bs(1− t).
Denote the left and the right side of the above equality by L(s) and R(s)
respectively. In the both cases, we have a contradiction |L(s)| > |R(s)| as
|L(s)| ≥
{
(an + bn)|wn|
an+2bn(1− t), s = n
(as + bs)|ws|as+2bs |ws+1|(1 − t), s < n
|R(s)| =
{
bn|wn|
an+2bn(1− t), s = n
bs|ws|
as+2bs |ws+1|(1− t), s < n
.
Nex we consider the case wn = 0. Let ℓ = min{j |wk = 0, k ≥ j}. Then
ℓ > 1. Consider the equality
∂fι,t
∂zℓ
w = λ
∂fι,t
∂z¯ℓ
(w).
This gives an contradiction:
w¯
aℓ−1
ℓ−1 {|wℓ−1|
2bℓ−1(t− 1) + t} = 0.
Case 2. ι = II. Assume that wj = 0 for some j. Then we may assume that
wn = 0 after the cyclic permutation of the index k 7→ k + n − j modulo n.
Then the proof is the exact same as in Case 1 with wn = 0.
Assume that w ∈ C∗n. Then for each j, we have
(5) w¯ass w¯s+1{(1 − t)(as + bs)|ws|
2bs + as t}+
(1− t)w¯
as−1
s−1 w¯s|ws−1|
2bs−1 = λ bsws
asws+1|ws|
2bs(1− t).
Here the numbering is understood modulo n, so wj = wj+n etc. Consider an
index m so that |wm|
am+2bm |wj+1| ≥ |wj |
aj+2bj |wj+1| for any j. Let L(m)
and R(m) be the left and right side quantities of (5) for s = m. Then
|L(m)| >
(1− t)(am + bm)|wm|
am+2bm |wm+1| − (1− t)|wm−1|
am−1+2bm−1 |wm|
≥ (1− t)(am + bm − 1)|wm|
am+2bm |wm+1|
≥ (1− t)bm|wm|
am+2bm |wm+1| = |Rm|
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which is an contradiction to (5). This completes the proof. 
The next key Lemma is:
Lemma 10. For any 0 ≤ t ≤ 1 and r > 0, the sphere S2n−1r intersects
transversely with the mixed hypersurface VI,t.
Proof. The proof of Lemma 10 is more complicated as that of Lemma 2.
We assume that ι = I. Take a point w ∈ Vι,t \ {O}. Put ρ = ‖w‖. For the
proof, it suffices to show that TwVι,t 6⊂ TwS
2n−1
ρ . Consider first the sets
I0 = {i |wi = 0}, J = {j |w
aj
j w
εj,n
j+1 6= 0}
where εj,n = 1 for 1 ≤ j < n and 0 for j = n.
Assume that J = ∅. Then we put wj(s) = wj for j ∈ I and wj(s) = swj
for s /∈ I0. Then it is easy to see that fι,t(w(s), w¯(s)) ≡ 0 for s > 0 and
‖w(s)‖ is obviously monotone increasing in s. Thus the tangent vector
v := dw(s)ds |s=1 is contained in TwVι,t \ TwS
2n−1
r .
Assume that J 6= 0. A subset K ⊂ J is called connected if i, j ∈ K, i < j
implies k ∈ K for any k, i ≤ k ≤ j.
Case 1. Let J = J1 ∪ · · · ∪ Jℓ be the decomposition into the connected
components of J . We may assume that Ji = {k ∈ N | νj ≤ k ≤ µj} with
some νi ≤ µi ∈ Ji and
µi + 1 < νi+1, i = 1, . . . , ℓ− 1.
We consider the following system of equations for positive parameters
s1, . . . , sn for a given r > 0. Put zj(sj) = wjsj for j = 1, . . . , n. We are
going to show the existence of functions sj = sj(r), j ∈ Ji so that
ft(z1(s1), . . . , zn(sn), z¯1(s1), . . . , z¯n(sn)) ≡ 0,
d‖z(s)‖
dr
> 0.
First we put sj(r) ≡ 1 for j /∈ J . We fix i and we will show that there exists
a differentiable solution (sνi(r), . . . , sµi(r)) of the equations:
Ej : zj(sj)
ajzj+1(sj+1){|zj(sj)|
2bj (1− t) + t}
= r w
aj
j wj+1{|wj |
2bj + t}, for νj ≤ j ≤ µj < n
For the induction purpose, we rewrite this equation as follows.
E′j : w
aj
j s
aj
j wj+1{|zj |
2bjs
2bj
j (1− t) + t}
=
r
sj+1
w
aj
j wj+1{|wj |
2bj + t}, for νj ≤ j ≤ µj < n
For the case j = µi = n, this En takes the form:
En : z
an
n s
an
n {|zn|
2bns2bnn (1− t) + t} = r w
an
n {|wn|
2bn + t}.
We solve the equality using the same argument as in the proof of Lemma
3 from j = µi to j = νi downward. For this purpose, we use the equality E
′
j
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by replacing r/sj+1 by rj:
E′′j : w
aj
j s
aj
j wj+1{|wj |
2bjs
2bj
j (1− t) + t}
= rj w
aj
j w
εj+1,n
j+1 {|wj |
2bj + t}, νj ≤ j ≤ µj.
First we solve E′′j . Put φj(sj) be the left side quantity of E
′′
j . By the
monotone property of the real valued function |φj(sj)| and by the property
arg(z
aj
j (sj)zj+1(sj+1)) = arg(w
aj
j wj+1) = constant
we can solve sj as a positive valued differentiable function of rj , say sj =
ψj(rj), so that
ψj(1) = 1,
dψj
drj
(rj) > 0, ψj(rj)
aj ≤ rj .(6)
Now we are ready to solve E′j , j ∈ Ji inductively from j = µi. First we
put rµi = r as sµi+1 = 1 and sµj (r) = ψµi(r). Then inductively we define
rj(r), sj(r) by
rj(r) := r/sj+1(r), sj(r) := ψj(rj(r)), j = µi − 1, . . . , νi.
Note that sj(r), j = 1, . . . , n are real valued functions and differentiable in
r. By the inequality (6),
rµi−1(r) = r/sµi(r) ≥ r
1−1/aµi ≥ 1, sµi−1(r) ≥ 1 for r ≥ 1.
We show by induction that
rj(r) ≥ 1, sj(r) ≥ 1 for r ≥ 1, νi ≤ j ≤ µi.
This is true for j = µi and µi − 1 as we have seen above. For j ≤ µi − 2,
rj(r)
aj+1 =
raj+1
sj+1(r)aj+1
=
raj+1
ψj+1(rj+1(r))aj+1
≥
(6)
raj+1
rj+1(r)
≥ raj+1−1 · sj+2(r) ≥ 1 for νi ≤ j ≤ µi − 2, r ≥ 1
This implies rj(r) ≥ 1 and sj(r) ≥ 1 for r ≥ 1.
Now we observe that
‖(s1(r)w1, . . . , sn(r)wn)‖ ≥ ‖w‖, for r ≥ 1
and ∥∥∥∥d(s1(r)w1, . . . , sn(r)wn)dr
∥∥∥∥ > 0
as we have
d(|sµi(r)wµi |
dr
> 1.
Now by taking the summation of Ej for j ∈ Ji and i = 1, . . . , ℓ, we get the
equality:
fι,t(z(r)) = r fι,t(w) ≡ 0 where z(r) = (s1(r)w1, . . . , sn(r)wn).
Let v = dz(r)dr |r=1. Then v ∈ TwVι,t \ TwS
2n−1
ρ by the above observation.
This completes the proof. 
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Remark 11. The above proof does not work if J = {1, . . . , n} and ι = II,
as we do not have a starting point of the induction.
Problem-Conjecture 12. Is the assertion true for VII,t?
Now we assert that
Main Theorem-bis 13. Fix a positive r. Choose a sufficiently small pos-
itive η0 so that f
−1
I,t (η) and S
2n−1
r intersect transversely for any η, |η| ≤ η0.
(1) There exists an isotopy ht : (S
2n−1
r ,K0,r) → (S
2n−1
r ,Kt,r) such that
fI,t(ht(z)) = fI,0(z) for any z with |fI,0(z)| ≤ η0.
(2) The Milnor fibrations
fI,0 : ∂E0(η0, r)→ S
1
η0 , fI,t : ∂Et(η0, r)→ S
1
η0
are C∞ equivalent where
∂Et(η0, r) = {z | |fI,t(z)| = η0, ‖z‖ ≤ r}.
The assertion is also true for fII if the above transversality conjecture is
true.
Corollary 14. The Milnor fibrations of fI(z, z¯) and gI(z) are C
∞ equiva-
lent.
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